Abstract-There are considered elliptic and parabolic equations of arbitrary dimension with alternating coefficients at mixed derivatives. For such equations, monotone difference schemes of the second order of local approximation are constructed. Schemes suggested satisfy the principle of maximum. A priori estimates of stability in the norm C without limitation on the grid steps T and h,, a = 1,2 ,..., p are obtained (unconditional stability).
INTRODUCTION
For numerical solution of problems of mathematical physics, monotone finite difference schemes preserving second-order local approximation [l-3] are of particular interest because they are positively characterized from the practical point of view. Such algorithms have been developed for elliptic and parabolic equations (without mixed partial derivatives) which contain lower-order terms. When some monotone finite difference scheme is constructed, it is desirable to preserve the second order of approximation. For example, in [4, 5] , some nonlinear finite difference schemes of second order of local approximation in the spatial variable were developed for some nonlinear transfer equations. Note that maximum principle for finite element methods approximating the problems with mixed derivatives is considered in [6, 7] .
Here, combining two well-known difference schemes which possess the second order of approximation, one develops finite difference schemes satisfying maximum principle for multidimensional elliptic and parabolic equations with mixed derivatives. For such algorithms, a priori estimates of stability in terms of the strong norm in C are obtained.
We note that partial differential equations with mixed derivatives can appear when numerical algorithms for such classical equations as Laplace or Poisson equations are constructed on some nonorthogonal grid. Therefore, the schemes suggested here could be applied to development of effective numerical algorithms on nonorthogonal grids. In addition, they could be used as theoretical tools for investigations of stability and convergence of a dynamic adaptation method [8] .
Development of obtained results for multidimensional problems of conjunction of hyperbolic and parabolic equations is of indubitable interest. Let us note that one-dimensional problems of conjunction without mixed derivatives have been considered in [9] . It should be emphasized that, for computational practice, investigations of computational algorithms for differential problems with generalized solutions are of more interest.
In this case, in order to get the estimates of accuracy, it is more effective to use the method of energetic inequalities instead of the principle of maximum [lo].
DIFFERENCE SCHEMES FOR EQUATIONS WITH COEFFICIENTS OF CONSTANT SIGNS
Let us consider in rectangle G = (0 < x, I I,, Q: = 1,2} with the boundary P the problem of Dirichlet for an elliptic equation with mixed partial derivatives
One supposes that the following conditions of ellipticity are satisfied: In rectangle G, let us introduce a uniform grid aL=wzuYh,
here oh denotes the set of all boundary points. Let us consider at the grid wh difference operators To obtain a priori estimates of stability of the solution of the problem relative to the right side of equations and boundary conditions, we will use the maximum principle, therefore, we have to reduce difference schemes (2.4),(2.5) to canonical form (see [l, p. 2421) 6) and to verify the following sufficient conditions:
M(x) is the stencil of the scheme and the stencils of schemes (2.4),(2.5) are presented in Figures 1 and 2 , respectively. For investigation of the stability of the solution regarding boundary conditions and right side simultaneously, the following result is more appropriate (particularly for nonstationary problems). The last estimation together with (2.9) proves the lemma.
The following affirmation is valid. 5 0, cr # p, the difference scheme (2.4) (and for k,p(x) 2 0 the difference scheme (2.5) as well) is stable relative to the right side of equation and boundary conditions, and for its solution, the following estimation is valid:
PROOF. We will demonstrate the theorem for scheme (2.4). (For scheme (2.5), the demonstration is analogous.) As far as the coefficients kls(x), k 21 x are nonpositives for all x E C?', then & > 0, ( Therefore, the difference schemes (2.4),(2.5) approximate the initial differential problem (2.1) up to second order, so we have where M > 0 is some positive constant which does not depend on the grid steps values hl and hz.
Using Theorem 1 for the solutions of problems (2.12),(2.13), it can be verified that the following theorem is valid. and is valid for the next estimation:
(IY -ullc I Mc$ (h: + h;) .
SCHEMES FOR EQUATIONS WITH COEFFICIENTS OF VARIABLE SIGNS
In this section, we will construct some monotone finite difference schemes for the numerical solution of the boundary value problem (2.1) with a nondivergent operator L in the form
where the coefficients klz(x) may change sign for x E G. In addition, one will suppose that the ellipticity condition (2.3) continues to be valid. One will approximate the differential problem (2.1),(3.15) with some monotone difference scheme of the second order of approximation O(hT + h$) which can be presented as The stencil of scheme (3.16)-(3.19) generally involves nine nodes. The difference scheme (3.16)-(3.19) can be rewritten in canonical form (2.6) with the coefficients ;="=+-!$ "=&$-!U, For the system of inequalities (3.21) to make sense, it is necessary that the coefficients of equations (2.1),(3.15) satisfies the condition kll/lk121 -1k12l/k22 2 0. But since from the ellipticity condition (2.3), one has the estimation kilkzz -k;z L c: > 0, then one could choose the steps hl and h2 from relations (3.21). Now the difference scheme (3.16)-(3.19) is monotone and for its solution, the estimation in the form (2.11) for stability relative to the boundary conditions and right side is still valid.
DIFFERENCE SCHEMES FOR EQUATIONS OF GENERAL TYPE
Unfortunately, one cannot construct directly the monotone schemes for the divergent (conservative) form of equations (2.1),(2.2) with alternating signs coefficients k12(x), k21(x) of the mixed partial derivatives. Therefore, to obtain the above-mentioned results in their complete form, in this case, one has to consider the equations which contain lower-order derivatives. Let us consider again differential problem (2.1) with where the operators A12e are defined from the relations (3.18),(3.19), and d, ~ are some stencil functionals [1] , which can, in particular, be considered in the next form:
In order for scheme (4.23) to be monotone (and therefore, to satisfy the maximum principle), it will be enough to require that the following conditions be satisfied:
As long as Ra(x) = O(ha), one can always satisfy the system of inequalities (4.24).
NOTE 2. One can naturally generalize all the above-obtained results to p-dimensional (here p > 2 is any real number) elliptic equations with mixed derivatives.
DIFFERENCE SCHEMES FOR MULTIDIMENSIONAL PARABOLIC EQUATIONS
Let us suppose now that G = {0 < xa < l~, a = 1, p} is a p-dimensional parallelepiped with the boundary F, x = (xl,x2,..., xp). Applying the formulae The required relation follows now from this inequality. The theorem is demonstrated. 
